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Introduction
Recall that a finite dimensional CW -complex (n) with the homotopy type of the
n-sphere Sn is called an n-homotopy sphere for n ≥ 1. The finite periodic groups,
being the only finite groups acting freely on some homotopy sphere, have been fully
classified by Suzuki–Zassenhaus, see e.g., [1, Chapter IV, Theorem 6.15].
A free action of a discrete (finite or infinite) group G on (n) induces a homo-
morphism G → Aut(Hn((n),Z)). Following [3, Chapter VII, Proposition 10.2],
for any free action of a finite group G on (2n − 1), the induced homomorphism
G → Aut(H2n−1((2n − 1),Z)) is trivial.
The purpose of the paper [15] is to study free, properly discontinuous and cellular
actions on a homotopy circle(1)bydiscrete infinite groups. Thereweneed somewhat
different methods than those used for (n) with n > 1. We have addressed the
following problems:
– when a group G acts;
– what is the minimal dimension of (1) on which G acts;
– the description of the action G → Aut(H1((1),Z))
and determined all virtually cyclic groupsG that act on(1) together with the induced
action G → Aut(H1((1),Z)), and we classified the orbit spaces (1)/G.
In view of [25], the only finite groups acting freely on (2n) are, up to isomor-
phism, trivial or Z2 and the induced homomorphism Z2 → Aut (H2n((2n),Z))
is non-trivial. If the group G is infinite there are more possibilities for the induced
homomorphism G → Hn((n),Z) than in the finite case. A characterization of
those homomorphisms for (2n) is part of the problem studied in [16]. We have
described all virtually cyclic groups G that act on (2n) together with the induced
action G → Aut(H2n((2n),Z)), and we classified the orbit spaces (2n)/G.
The criterion [21,28] due to Wall states: an infinite group G is virtually cyclic if
and only if G is isomorphic to:
(I) a semi-direct product G0  Z; or
(II) G1 G0 G2, where G0 < G1,G2 and the index [Gi : G0] = 2 for i = 1, 2 with a
finite group G0.
If a virtually cyclic group G satisfies (I), we shall say that it is of Type I, while if it
satisfies (II), we shall say that it is of Type II. An infinite virtually cyclic group is the
middle term of a short exact sequence of the form e → Z → G → G0 → e, where
G0 is a finite group. Then, in view of [17, Proposition 19], it holds: if this extension
is central then the group G is of type I , otherwise it is of type I I .
The result [17, Theorem 7] presents the complete classification of infinite virtually
cyclic subgroups of the braid group Bn(S2) for all n ≥ 3. Hence, by means e.g., [17,
Proposition 10] those groups act on some(3) being the universal covering of ˜Fn(S2)
of the configuration space Fn(S2) for n ≥ 3.
The Farrell cohomology, Hˆ∗(−,Z) is a contravariant functor from groups to Z-
graded algebras, whenever the virtual cohomological dimension vcdG < ∞. If α ∈
Hˆq(G,Z), an integer q > 0, and the map α ∪ −: Hˆ i (G,Z) −→ Hˆ i+q(G,Z) is an
isomorphism for all i we say that the group G has periodic Farell cohomology with
period q.
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In 1979 C.T.C. Wall raised [29, p. 518] the following problem: whether any count-
able group with periodic Farell cohomology can act freely and properly on some
product Rm × Sn? Wall’s problem was solved by Connolly and Prassidis (1989).
Namely, [4, 1.4. Corollary] says: a discrete group G with vcdG < ∞ acts freely and
properly on Rm × Sn for some m, n if and only if G is countable and the Farrell
cohomology Hˆ∗(G,−) is periodic.
In view of the result [2] by Adem and Smith a discrete group G has periodic
cohomology after d-steps with d ≥ 0 if there is an integer q > 0 and α ∈ Hq(G,Z)
such that the cup product map α∪−: Hi (G, M) −→ Hi+q(G, M) is an isomorphism
for every G-module M and i > d.
Suppose that finite groups G,G0,G1 and G2 are periodic. Then, one can show
that:
G1 ∗G0 G2 is periodic;
G  Zm is periodic (after d-steps for some d).
Applying constructions from [2] and [4] there are free and properly discontinuous
actions of the groups G1 ∗G0 G2 and G  Zm on Sn × Rk for some k, n > 0.
Observe that the results from [2] and [4] provide neither any information about
the dimension n of the homotopy sphere of which the group G acts nor the induced
action G → Aut(Hn((n),Z)), nor the homotopy type of orbit spaces. Studies these
problems are relevant points of the present work.
We assume throughout the paper that any space X is a CW -complex and an action
G × X → X of a discrete group G on X is free, properly discontinuous and cellular.
The main aim of the present work is to analyse such actions on homotopy spheres
(2n − 1) of groups G  Zm for m ≥ 1 and G1 ∗G0 G2. Once n is fixed, induced
actions of those groups on the top cohomology H2n−1((2n − 1),Z) are studied and
the number of homotopy type of orbit spaces is estimated. Observe that the family of
the groups in question contains properly the family of all virtually cyclic groups.
Given actions G1 ×1(2n − 1) → 1(2n − 1), G2 ×2(2n − 1) → 2(2n − 1)
and G × (2n − 1) → (2n − 1), we not only present constructions of actions
(G1 ∗G0 G2)×′(2n−1) → ′(2n−1) and (GZm)×′′(2n−1) → ′′(2n−1)
but those actions leave explicitly dimensions of homotopy spheres involved as well.
This paper is organized into five sections, besides this Introduction.
Section 1 presents basic facts on homotopy colimits taking into a special account
homotopy coequalizers and homotopy push-outs.
Let KGX be the quotient set of all homeomorphism classes of orbit spaces X/γ with
respect to all actions γ : G × X → X by the homotopy relation. In particular, we
write KG2n−1 provided X = (2n − 1) for the notion defined already in [8]. Section 2
aims to determine free, properly discontinuous and proper actions of groups G  Zm
on a space X by means of n-fold mapping tori studied in Sect. 1. Its main result stated
in Theorem 1 estimates the set KGZmX of all homeomorphism classes of orbit spaces
X/γ by the homotopy relation with respect to all actions γ : G × X → X .
Section 3 takes up the systematic study free, properly discontinuous and proper
actions of groups G1 ∗G0 G2 on a space X by means of homotopy push-outs studied
in Sect. 1 and the result of [23]. Theorem 2 estimates KG1∗G0G2X by means of KG0X ,
KG1X and KG2X as well.
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Basic data on virtually cyclic groups are presented in Sect. 4. Then, Sect. 5 takes
up the systematic study of properly discontinuous and proper actions of G  Zm
and G1 ∗G0 G2 on homotopy spheres (2n − 1) provided the groups G and Gi for
i = 0, 1, 2 are finite. For the setsKGZm2n−1 andK
G1∗G0G2
2n−1 of all homeomorphism classes
of orbit spaces (2n− 1)/γ with respect to all actions γ : (G Zm)×(2n− 1) →
(2n−1) and γ : (G1 ∗G0 G2)×(2n−1) → (2n−1) by the homotopy relation,
are estimated in Corollary 4 and Corollary 6, respectively.
1 Prerequisites
Let I be a small category. Given an I-diagram of topological (pointed) spaces X : I →
Top (Top∗), we write hocolim X (hocolim∗ X) for its (pointed) homotopy colimit.
Constructions and other details on (pointed) homotopy colimit one can find in e.g., [7,
Appendices] and [27]. The result [7, D.3.1 Corollary] yields:
Proposition 1 If X : I → Top∗ is an I-diagram of pointed topological spaces and
BI the classifying space of the category I then there is a cofibration
BI −→ hocolim X −→ hocolim∗ X.
In particular, if the space BI is contractible then the map hocolim X −→
hocolim∗ X is a homotopy equivalence.
Given an I-diagram X : I → Top (Top∗), write X(i) = Xi for any object i ∈ ob(I)
and X(ϕ) = Xϕ : Xi1 → Xi2 for any morphism ϕ ∈ Arr(I). Then, recall from [7,
Appendices] and [27] the following homotopy invariance of homotopy limits.
Proposition 2 If X, X′ : I → Top (Top∗) are I-diagrams of topological (pointed)










are commutative (up to homotopy) for all ϕ ∈ Arr(I) then there is a homotopy equiv-





X ′i hocolim X′
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commute (up to homotopy) for all i ∈ I.
According to the construction presented in [27], the homotopy colimit hocolim X





(called a homotopy coequalizer) is the quotient of the space
X0 unionsq X1 unionsq X0 × I × {0 f , 0g}
under the identifications
〈
(x, 1, 0 f ) ∼ x ∼ (x, 1, 0g), (x, 0, 0 f ) ∼ f (x), (x, 0, 0g) ∼ g(x)
〉
,
where {0 f , 0g} is a two elements set and I = [0, 1] is the unit interval.











leads to a map h¯ : hocolim X → hocolim X′.






is homeomorphic to the mapping torus T ( f ) = X × I/(x, 0) ∼ ( f (x), 1).
The space T ( f ) is equipped with a canonical map
p : T ( f ) −→ S1 = I/0 ∼ 1
given by p([(x, t)]) = [t] for (x, t) ∈ X × I and an injection ı : X → T ( f ) such
that ı(x) = [(x, 1)] for x ∈ X . If X is an AN R-space and f : X → X a homotopy
equivalence then by [6, Theorem A] the map p : T ( f ) → S1 is an approximative
fibration with X as the fibre. Then, in view of [5, Corollary 3.5], we can state:
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Proposition 3 If X is a connected AN R-space and f : X → X a homotopy equiva-
lence then there is an exact sequence
· · · → πn(X) ı∗−→ πn(T ( f )) p∗−→ πn(S1) → πn−1(X) → · · · .
Consequently, we derive isomorphisms of homotopy groups πn(T ( f )) ∼= πn(X)
for n > 1 and a split short exact sequence e → π1(X) → π1(T ( f )) → Z → 0.
Now, fix a point x0 ∈ X , a path σ ′ : I → X such that σ ′(0) = f (x0) and σ ′(1) = x0,
and write σ ′∗ : π1(X, f (x0)) → π1(X, x0) for the induced isomorphism. Then, the
paths σ¯ ′ : I → T ( f ) and σ¯ ′′ : I → T ( f ) with σ¯ ′(t) = [(σ ′(t), 1)] and σ¯ ′′(t) =
[(x0, 1 − t)] for t ∈ I , respectively lead to the loop σ = σ¯ ′′  σ¯ ′ : I → T ( f )
at the point [(x0, 1)] ∈ T ( f ). By the construction of T ( f ), there is a homotopy
σ  τ  σ−1  σ ′−1  ( f ◦ τ)  σ ′ for any loop τ : I → X . Consequently, we obtain an
isomorphism π1(T ( f )) ∼= π1(X) θ Z, where θ = σ ′∗ ◦ f∗ : π1(X, x0) → π1(X, x0)
is the automorphism with f∗ : π1(X, x0) → π1(X, f (x0)) induced by the homotopy
equivalence f : X → X .
In view of Proposition 2, commutative maps f1, f2 : X → X yield a map
f (1)2 : T ( f1) → T ( f1). Then, we can define the space
T ( f1, f2) = T ( f (1)2 ).
More generally, given a sequence of mutually commutative (up to homotopy) maps
f1, . . . , fm : X → X , we define inductively the m-fold mapping torus T ( f1, . . . , fm)
as follows: maps f2, . . . , fm : X → X lead to mutually commutative homo-
topy equivalences f (1)2 , . . . , f
(1)
m : T ( f1) → T ( f1); given mutually commutative
homotopy equivalences f (i)i+1, . . . , f
(i)
m : T ( f1, . . . , fi ) → T ( f1, . . . , fi ) we define
T ( f1, . . . , fi+1) = T ( f (i)i+1) and mutually commutative homotopy equivalences
f (i+1)i+2 , . . . , f
(i+1)
m : T ( f1, . . . , fi+1) → T ( f1, . . . , fi+1).
Then, T ( f1, . . . , fm) = T ( f (m−1)m ) is equipped with canonical maps
X
ı−→ T ( f1, . . . , fm) p−→ Tm,
where X
ı−→ T ( f1, . . . , fm) stands for the composition of the maps X → T ( f1) →
T ( f1, f2) → · · · → T ( f1, . . . , fm) and Tm for the m-torus.
Before we state the next result, consider a homomorphism ϕ : G ′ → Aut(G) for
groups G,G ′ and write Autϕ(G) = {ψ ∈ Aut(G); ψϕ(g′) = ϕ(g′)ψ forg′ ∈ G ′}.
Then, there is a canonical embedding Autϕ(G) ↪→ Aut(G ϕ G ′) and one can easily
show:
Lemma 1 Given groups G,G ′ and G ′′, consider homomorphisms ϕ′ : G ′ → Aut(G)
and ϕ′′ : G ′′ → Aut(G ϕ′ G ′). If ϕ′′ : G ′′ → Aut(G ϕ′ G ′) factorizes through
the embedding Autϕ′(G) ↪→ Aut(G ϕ′ G ′) and ϕ′(g′)ϕ′′(g′′) = ϕ′′(g′′)ϕ′(g′) for
g′ ∈ G ′, and g′′ ∈ G ′′ then there is an isomorphism of semi-direct products
(G ϕ′ G
′) ϕ′′ G ′′ ∼= G ϕ (G ′ × G ′′),
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where the homomorphism ϕ : G ′ × G ′′ → Aut(G) is defined by ϕ(g′, g′′) =
ϕ′(g′)ϕ′′(g′′) for g′ ∈ G ′ and g′′ ∈ G ′′.
Now, we are in a position to state:
Proposition 4 If X is a connected AN R-space and f1, . . . , fm : X → X aremutually
commutative (up to homotopy) homotopy equivalences then there are isomorphisms
πn(T ( f1, . . . , fm)) ∼= πn(X) for n > 1and π1(T ( f1, . . . , fm)) ∼= π1(X) θ Zm,
where the homomorphism θ : Zm → Aut(π1(X)) is determined by (mutually
commutative) automorphisms θi : π1(X) → π1(X), where θi = σ ′i∗ ◦ fi∗ : π1(X, x0)→ π1(X, x0) are the automorphismwith fi∗ : π1(X, x0) → π1(X, fi (x0)) induced by
the homotopy equivalences fi : X → X and paths σ ′i : I → X with σ ′i (0) = fi (x0),
and σ ′i (1) = x0 for a fixed x0 ∈ X and i = 1, . . . ,m.
Proof First, notice that, by inductive procedure, Proposition 3 leads to isomorphisms
πn(X) ∼= πn(T ( f1, . . . , fm)) for n > 1 and
π1(T ( f1, . . . , fm)) ∼= (· · · ((π1(X) ϕ1∗ Z) ϕ2∗ Z)  · · · ) ϕm∗ Z,
where ϕi : Z → Aut((· · · ((π1(X) ϕ1∗ Z) ϕ2∗ Z)  · · · ) ϕi−1∗ Z) are homomor-
phisms determined by automorphisms f (i−1)i∗ : π1(T ( f1, . . . , fi−1)) → π1(T ( f1,
. . . , fi−1)) for i = 1, . . . ,m.
Becauseϕi : Z → Aut((· · · (π1(X)ϕ1∗ Z)ϕ2∗ Z)· · · )ϕi−1∗ Z) factors through
Autϕi−1((· · · (π1(X) ϕ1∗ Z) ϕ2∗ Z)  · · · ) ϕi−2∗ Z) for i = 1, . . . ,m − 1, Lemma
1, by the inductive procedure, leads to an isomorphism
π1(T ( f1, . . . , fm)) ∼= π1(X) θ Zm,
where θ : Zm → Aut(π1(X)) is the associated homomorphism with the (mutu-
ally commutative) automorphisms θi : π1(X) → π1(X), where θi = σ ′i∗ ◦
fi∗ : π1(X, x0) → π1(X, x0) are the automorphisms with fi∗ : π1(X, x0) →
π1(X, f (x0)) induced by the homotopy equivalences fi : X → X and paths σ ′i : I →
X with σ ′i (0) = fi (x0), and σ ′i (1) = x0 for a fixed x0 ∈ X and i = 1, . . . ,m. This
completes the proof. unionsq
Thus, Proposition 4 yields that the sequence
X
ı−→ T ( f1, . . . , fm) p−→ Tm
implies the long exact sequence
· · · → πn(X) ı∗−→ πn(T ( f1, . . . , fm)) p∗−→ πn(Tm) → πn−1(X) → · · · .
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Corollary 1 Let f1, . . . , fm : X → X be mutually commutative homotopy equiv-
alences. Then, the lifting ı˜ : X˜ → ˜T ( f1, . . . , fm) of the inclusion map ı : X →
T ( f1, . . . , fm) to a map of universal coverings is a homotopy equivalence and deter-
mines a homotopy equivalence
X
−→ ˜T ( f1, . . . , fm)/π1(X).
According to the construction presented in [27], the homotopy colimit hocolim X






(called also a homotopy push-out or a homotopy Cartesian coproduct) is the quotient
of the space
X0 unionsq X1 unionsq X2 unionsq X0 × I × {0 f1 , 0 f2}
under the identifications
〈
(x, 1, 0 f1) ∼ x ∼ (x, 1, 0 f2), (x, 0, 0 f1) ∼ f1(x), (x, 0, 0 f2) ∼ f2(x)
〉
where {0 f1 , 0 f2} is a two elements set and I = [0, 1] is the unit interval.
This space is homeomorphic to the double mapping cylinder
X1 unionsq (X0 × I ) unionsq X2/
〈
f1(x) ∼ (x, 0), f2(x) ∼ (x, 1)
〉
a familiar model for the homotopy push-out.
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where ∇ : X0 unionsq X0 → X0 is the codiagonal map. This implies that the mapping







Because the indexing category I : i0 i1
i2
contains i0 as an initial object, the
classifying space BI is contractible and, in view of Proposition 1, the canonical map
hocolim X → hocolim∗ X is a homotopy equivalence provided X is an I-diagram of
pointed spaces.
As it is stated in Introduction, from now on, we assume throughout the paper that
any space X is a CW -complex and an action G × X → X of a discrete group G on
X is free, properly discontinuous and cellular.
Remark 1 Notice that for an action G × X → X there is a fibration X → X/G →
K (G, 1). Consequently, there are isomorphisms πk(X) ∼= πk(X/G) for k > 1 and an
extension
e → π1(X) → π1(X/G) → G → e
of groups.
In particular, for a homotopy n-sphere (n) there are isomorphisms πk((n)) ∼=
πk((n)/G) for k > 1 and n > 1, π1((n)/G) ∼= G for n > 1 and an extension
e → Z → π1((1)/G) → G → e
of groups.
2 Actions of the group G  Zm
Given an action (G θ Zm) × X → X of the semidirect product G θ Zm on a space
X , there is a fibration
X/G
j−→ X/(G θ Zm) q−→ Tm,
where j : X/G → X/(G θ Zm) is determined by the inclusion G ↪→ G θ Zm .
Consider an action G × X → X of a group G on a space X and mutually commu-
tative (up to homotopy) homotopy equivalences fi : X/G → X/G for i = 1, . . . ,m.
123
812 M. Golasin´ski, D. L. Gonçalves
Then, by Corollary 1, the inclusion map ı : X/G → T ( f1, . . . , fm) lifts to a homo-
topy equivalence of universal coverings ı˜ : (˜X/G) −→ ˜T ( f1, . . . , fm). Further, the
homotopy equivalence of the universal covering (˜X/G)  X˜ and the short exact
sequence e → π1(X) → π1(X/G) → G → e yield a homotopy equivalence
X
−→ ˜T ( f1, . . . , fm)/π1(X) and an action
G × ( ˜T ( f1, . . . , fm)/π1(X)
) −→ ˜T ( f1, . . . , fm)/π1(X).
In view of Proposition 4 there is an isomorphism π1(T ( f1, . . . , fm)) ∼= π1(X/G) θ
Z
m for a homomorphism θ : Zm → Aut(π1(X/G)). Then, by the short exact sequence
e → π1(X) → π1(X/G) → G → e, we derive a homomorphism θ¯ : Zm → Aut(G)
determined by θ : Zm → Aut(π1(X/G)) and an action
(G θ¯ Z
m) × ( ˜T ( f1, . . . , fm)/π1(X)
) −→ ˜T ( f1, . . . , fm)/π1(X)
which yields a homotopy equivalence
T ( f1, . . . , fm)





Proposition 5 For any action (G θ Zm)× X → X there are mutually commutative
homeomorphisms h1, . . . , hm : X/G → X/G and a homotopy equivalence
T (h1, . . . , hm)
−→ X/(G θ Zm).
Proof Given an action (G θ Zm)× X → X , write g0 = j : X/G → X/(G θ Zm).
Because G is a normal subgroup of G θ Zm , the action (G θ Zm) × X → X
leads to an action Zm × (X/G) → X/G. Then, generators of Zm determine mutually







commute for i = 1, . . . ,m. In view of Proposition 2, the map g0 : X/G → X/(G θ
Z
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is commutative and mutually commutative homeomorphisms
h(1)2 , . . . , h
(1)
m : T (h1) → T (h1).
Inductively, given gi : T (h1, . . . , hi ) → X/(G θ Zm) such that the diagram
T (h1, . . . , hi−1)
gi−1
ıi−1
T (h1, . . . , hi )
gi
X/(G θ Zm)
commute and mutually commutative homeomorphisms
h(i)i+1, . . . , h
(i)
m : T (h1, . . . , hi ) → T (h1, . . . , hi ),
we construct T (h1, . . . , hi+1) and a map gi+1 : T (h1, . . . , hi+1) → X/(G θ Zm)
such that the diagram
T (h1, . . . , hi )
gi
ıi T (h1, . . . , hi+1)
gi+1
X/(G θ Zm)
commute and mutually commutative homeomorphisms
h(i+1)i+2 , . . . , h
(i+1)
m : T (h1, . . . , hi+1) → T (h1, . . . , hi+1).
This yields a map gm : T (h1, . . . , hm) → X/(G θ Zm) such that the diagram
T (h1, . . . , hm−1)
gm−1
ım−1
T (h1, . . . , hm)
gm
X/(G θ Zm)
is commutative (up to homotopy). Because the diagram of fibrations












814 M. Golasin´ski, D. L. Gonçalves
is commutative, the map
gm : T (h1, . . . , hm) −→ X/(G θ Zm)
induces isomorphisms of homotopy groups and is the required homotopy equivalence,
and the proof is complete. unionsq
Corollary 2 Let f1, . . . , fm : X → X be mutually commutative homotopy equiva-
lences. Then, there are mutually commutative homeomorphisms
h1, . . . , hm : ˜T ( f1, . . . , fm)/π1(X) → ˜T ( f1, . . . , fm)/π1(X)
and a homotopy equivalence
T (h1, . . . , hm)
−→ T ( f1, . . . , fm).
Let now KGX be the quotient set of all homeomorphism classes of orbit spaces X/γ
with respect to all actions γ : G × X → X by the homotopy relation. Next, write
(EGX )m for the m-th Cartesian power of the homotopy self-equivalences of X/γ and
SPm(EGX ) for the quotient set with respect to the obvious action on (EGX )m of the
symmetric group on m letters. Given an action G × X → X of a group G on a space
X and mutually commutative (up to homotopy) homeomorphisms hi : X/G → X/G
for i = 1, . . . ,m, write γ˜ : (G θ Zm) × X → X for the induced actions determined
by Corollary 1. Summarizing the above, we can state the main result of this section.
Theorem 1 Let X be a space, G a group and m ≥ 1. The assignment
([X/γ ], ([h1], . . . , [hm])
) → [X/γ˜ ]
is a well defined map and determines a surjection
KGX × SPm(EGX )c−→KGZ
m
X ,
where SPm(EGX )c denotes the subset of SPm(EGX )m determined by n-tuples of homo-
topy classes of mutually commutative homotopy self-equivalences of X/γ .
Remark 2 The result above provides an upper bound for the number of homotopy types
of orbit spaces once one can estimate the cardinality of the sets KGX and (BEGX )mc . This
will be further explored in Sect. 5.
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3 Actions of the group G1 ∗G0 G2










κ1 G1 ∗G0 G2
in the category of groups. The group G1 ∗G0 G2 is usually called the free product of
G1 and G2 with amalgamated subgroup G0.
Let γ1 : G1 × X1 → X1 and γ2 : G2 × X2 → X2 be actions of G1 and G2 on
1-connected spaces X1 and X2, respectively, and the orbit spaces X1/G0 and X2/G0
have the same homotopy type. Then, consider the diagram
X(γ1, γ2) : X1/G0 X1/G1
X2/G2
determined by monomorphic maps G1
ı1 G0
ı2 G2 and a homotopy equivalence
between X1/G0 and X2/G0, and its pointed homotopy colimit hocolim∗ X(γ1, γ2).
Conversely, given an action γ : (G1 ∗G0 G2) × X → X of the group G1 ∗G0 G2
on a 1-connected space X , consider the associated diagram




determined by monomorphic maps G1
ı1 G0
ı2 G2.
Given an action γ : G × X → X and a subgroup G0 < G, write γ0 : G0 × X → X
for its restriction to G0.
Proposition 6 (1) If γ : (G1 ∗G0 G2)× X → X is an action then the canonical map
hocolim X(γ ) −→ X/(G1 ∗G0 G2)
is a homotopy equivalence.
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(2) Let G1
i1 G0
i2 G2 be monomorphic maps of groups and consider actions
γ1 : G1 × X → X and γ2 : G2 × X → X on a 1-connected space such that the
orbit spaces X/G0 and X/γ2,0 have the same homotopy type. Then there is an
action
γ˜ (γ1, γ2) : (G1 ∗G0 G2) × ( ˜hocolim∗ X(γ1, γ2)) −→ ˜hocolim∗ X(γ1, γ2)
on the universal covering ˜hocolim∗ X(γ1, γ2) of hocolim∗ X(γ1, γ2). Further,
there is a homotopy equivalence X
−→ ˜hocolim∗ X(γ1, γ2).
Proof (1) Because the indexing category I contains an initial object, the canonicalmap
hocolim X → hocolim∗ X is a homotopy equivalence. Therefore, it is sufficient
to show that the canonical map
hocolim∗ X(γ ) −→ X/(G1 ∗G0 G2)
is a homotopy equivalence.
But, the quotient maps X/G1 → X/(G1 ∗G0 G2) ← X/G2 determined by
monomorphic maps monomorphic maps G1  G1 ∗G0 G2  G2, respectively
lead to the canonical map
ϕ : hocolim∗ X(γ ) −→ X/(G1 ∗G0 G2).
Now, by [23, 1.2 Theorem], there is a spectral sequence
E2p,q = colim p πq(X(γ )) ⇒ πq(hocolim∗ X(γ ))
with the value on the diagram of -algebras colimp πq(X(γ )) of the p-th derived
functor colimp of the direct limit functor colim.
First, this implies an isomorphism
π1(hocolim
∗ X(γ ))  G1 ∗G0 G2
and consequently, an isomorphism π1(ϕ) : π1(hocolim∗ X(γ )) −→ π1(X/G1 ∗G0
G2).
Next, because the maps X/G1 → X/G0 ← X/G2 are coverings, we get iso-
morphisms πq(X/G1)
←− πq(X/G0) −→ πq(X/G1) for q ≥ 2. Consequently,
there are isomorphisms πq(X/G1)
−→ πq(hocolim∗ X(γ )) ←− πq(X/G2) and
this leads to isomorphisms
πq(ϕ) : πq(hocolim∗ X(γ )) −→ πq(X/G1 ∗G0 G2)
for q ≥ 2 and the proof follows.
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(2) LetG1
i1 G0
i2 G2 bemonomorphicmaps of groups and γ1 : G1×X → X , and
γ2 : G2×X → X actions on a 1-connected space such that the orbit spaces X/γ1,0
and X/γ2,0 have the same homotopy type, where γ1,0 and γ2,0 are restrictions of γ1
and γ2 to actions of the subgroupG0 on X , respectively. Then the groupG1∗G0 G2
acts on the universal covering ˜hocolim∗ X(γ1, γ2) of hocolim∗ X(γ1, γ2) for the
diagram
X(γ1, γ2) : X/G0 X/G1
X/G2.
By [23, 1.2 Theorem], there is an isomorphismπ1(hocolim∗ X(γ1, γ2)) ∼= G1∗G0
G2, so the group G1 ∗G0 G2 acts on the universal covering ˜hocolim∗ X(γ1, γ2) of
hocolim∗ X(γ1, γ2).
Because the canonical map X → hocolim∗ X(γ1, γ2), by the arguments as above,
leads to a homotopy equivalence X
−→ ˜hocolim∗ X(γ1, γ2), the proof is complete.
unionsq
Given monomorphic maps G1
i1 G0
i2 G2 of groups, consider actions
γ1 : G1 × X → X and γ2 : G2 × X → X such that the orbit spaces X/γ1,0 and
X/γ2,0 have the same homotopy type. Next, write KG1X ×KG0X K
G2
X for the quotient set
of all homeomorphism classes of diagrams
X/γ1,0 X/γ1
X/γ2
by the homotopy relation, where the map X/γ1,0 → X1/γ1 is determined by the
monomorphismG0  G1 and X/γ1,0 → X/γ2 by a homotopy equivalence X/γ1,0 
X/γ2,0 and the monomorphism G0  G2. We identify an element of KG1X ×KG0X K
G2
X
with a pair ([X/γ1], [X/γ2]). Taking into account the above, in view of Proposition 6
we are in a position to state the main result of this section.
Theorem 2 Let X be a space and G1
i1 G0










) → [X/γ˜ (γ1, γ2)
]
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Remark 3 The theorem above can be used to provide an upper bound for the number
of homotopy types of orbit space for the group G1 ∗G0 G2 once one can estimate the
cardinality of the sets KG1X ,KG0X and KG2X , respectively. This will be further explored
in Sect. 5.
4 Virtually cyclic groups
A virtually cyclic group is a group that has a cyclic subgroup of finite index. Every
virtually cyclic group in fact has a normal cyclic subgroup of finite index (namely, the
core of any cyclic subgroup of finite index), and virtually cyclic groups are therefore
also known as cyclic-by-finite groups.
A finite-by-cyclic group (that is, a group G with a finite normal subgroup G0 such
that G/G0 is cyclic) is always virtually cyclic. To see this, note that a finite-by-cyclic
group is either finite, in which case it is certainly virtually cyclic, or it is finite-by-Z
for the infinite cyclic group Z, in which case the extension e → F → G → Z → 0
splits, where F is a finite group. Then G = F  Z = FZ and so the subgroup Z of G
has finitely many left cosets in G.
In fact, we have the following criterion due to Wall:
Theorem 3 ([21,28]) Let G be a group. Then the following are equivalent:
(1) G is a group with two ends;
(2) G is an infinite virtually cyclic group;
(3) G has a finite normal subgroup G0 such that G/G0 is Z or Z2  Z2 ∼= D∞, the
infinite dihedral group.
Equivalently, G is of the form:
(I) a semi-direct product G0  Z or
(II) G1 G0 G2, where G0 < G1,G2 and the index [Gi : G0] = 2 for i = 1, 2 with a
finite group G0.
If a virtually cyclic group G satisfies (I), we shall say that it is of Type I, while if it
satisfies (II), we shall say that it is of Type II.
An infinite virtually cyclic group is the middle term of a short exact sequence of
the form e → Z → G → G0 → e, where G0 is a finite group. Then, in view of
[17, Proposition 19], it holds: if this extension is central then the group G is of type
I , otherwise it is of type I I .
Given an action G × (2n − 1) → (2n − 1) of a finite group G on a homo-
topy sphere (2n − 1), by means of [1, Chpater IV] and [3, Chapter VI], there is an
isomorphism H2n(G,Z) ∼= Z/|G| and the homotopy type of (2n − 1)/G is deter-
mined by the Postnikov invariant k2n((2n − 1)/G) ∈ H2n(G,Z)). Then, we get a
skew-homomorphism Aut(G) → Aut(H2n(G,Z)) ∼= Aut(Z/|G|). Write ϕ∗ for the
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image of ϕ ∈ Aut(G) in the group Aut(Z/|G|). It is well known that ϕ∗ might be
identified with a unit of the ring Z/|G| of integers mod |G|. Let now KG2n−1 be the
quotient set of all homeomorphism classes of orbit spaces (2n − 1)/γ with respect
to all actions γ : G × (2n − 1) → (2n − 1) by the homotopy relation. Details on
KG2n−1 and the group EG2n−1 of homotopy self-equivalences (2n− 1)/G for all finite
periodic groups G classified by Suzuki–Zassenhaus and listed in [1, Theorem 6.15])
as follows: have been presented in a series of papers [8]–[14].
Family Definition Conditions
I Z/a α Z/b (a, b) = 1
II Z/a β (Z/b × Q2i ) (a, b) = (ab, 2) = 1
III Z/a γ (Z/b × Ti ) (a, b) = (ab, 6) = 1
IV Z/a τ (Z/b × O∗i ) (a, b) = (ab, 6) = 1
V (Z/a α Z/b) × SL2(Fp) (a, b) = (a, p(p2 − 1)) = 1
VI Z/a μ (Z/b × T L2(Fp)) (a, b) = (ab, p(p2 − 1)) = 1
The following result was indicated by Swan in [24] and then completed by him in
[26, Theorem A]:
Theorem 4 Let G be a finite group. Let d be the greatest common divisor of n and
φ(n), φ being Euler’s φ-function. Suppose G has period q. Then there exists a finite
simplicial complex X of dimension dq−1 which has the homotopy type of a (dq−1)-
sphere and on which G acts freely and simplicially.
Further, the results [3, Chapter VII, Proposition 10.2], [25] and [26] yield:
Proposition 7 Let a finite group G acts on (n). Then:
(1) the group G is periodic;
(2) if n is even then G ∼= Z2 and the action of G reverses the orientation of (n);
(3) if n is odd then:
(i) the action of G preserves the orientation of (n);
(ii) the least period d(G) being a divisor of n + 1;
(4) there is a bijection
KG2n−1
∼=−→ Aut(Z/|G|)/{±ϕ∗; ϕ ∈ Aut(G)}.
In the light of Theorem 3 notations and the result from [26], we derive:
Corollary 3 Let a virtually cyclic group G acts on (2n − 1). Then:
(1) any its finite subgroup G0 < G is isomorphic to a periodic finite group of period
being a divisor of 2n;
(2) there is an isomorphism G ∼= G0 Z for some finite group G0 of period a divisor
of 2n such that the period of G is a divisor of 4n provided G is virtually cyclic
group of type I ;
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(3) there is an isomorphism G ∼= G1 G0 G2 for some G0,G1,G2 finite periodic
groups of period a divisor of 2n with G0 < G1,G2 and the index [Gi : G0] = 2
for i = 1, 2 provided G is of type I I .
Proof (1): A free and cellular action G × (2n − 1) → (2n − 1) of a group G
restricts to an actionG0×(2n−1) → (2n−1) for a finite subgroupG0 < G.
Then, in light of Proposition 7, the claim follows.
(2): For G being a virtually cyclic group of type I , by (1), we get an isomorphism
G ∼= G0 θ Z, the semi-direct product of some finite period subgroup G0 < G
with period dividing 2n and a homomorphism θ : Z → Aut(G0). If the induced
homomorphism G0 θ Z → Aut(H2n−1((2n − 1)) ∼= Aut(Z) is trivial then,
in view of [2], the result is obvious. In fact the period d(G) divides 2n. If this
homomorphism is not trivial, since restricted to G0 is trivial, it follows that the
action of a generator of Z is the multiplication by −1. Following [2], from the
given action ofG0θ Z on(2n−1) one can construct an action ofG0θ Z on the
joint(2n−1)∗(2n−1) ∼= (4n−1)with the trivial induced homomorphism
G0 θ Z → Aut(H4n−1((4n − 1)) ∼= Aut(Z) and the result follows.
(3): Now, consider a group G of type I I . Then, G ∼= G1 G0 G2 with [Gi : G0] = 2
for i = 1, 2. Because, in view of [22], the natural maps Gi → G1 G0 G2 are
injective for for i = 1, 2, it follows from (1) that the groups G0,G1,G2 are
periodic with period dividing 2n and the proof is complete. unionsq
In the next section, we aim to analyse actions on homotopy spheres (2n − 1)
of groups of the form G  Zm for m ≥ 1 and G1 ∗G0 G2, containing properly the
family of all virtually cyclic groups, for G,G0,G1,G2 finite. We point out that by
[17, Proposition 10 and Theorem 70] some virtually cyclic groups G1 ∗G0 G2 act on
a homotopy 3-sphere, which is an interesting case.
5 Actions of groups G  Zm for m ≥ 1 and G1 ∗G0 G2 on odd homotopy
spheres
Consider an action (G  Zm) × (2n − 1) → (2n − 1) for a finite group
G. Then, by means of Proposition 5, there are mutually commutative homeomor-
phisms h1, . . . , hm : (2n − 1)/G → (2n − 1)/G and a homotopy equivalence
T (h1, . . . , hm)
−→ (2n − 1)/(G  Zm).
On the other hand, given mutually commutative (up to homotopy) homotopy equiv-
alences f1, . . . , fm : (2n − 1)/G → (2n − 1)/G, in view of Corollary 1, there is
a homotopy equivalence ˜T ( f1, . . . , fm)  ′(2n − 1) for some (2n − 1)-homotopy
sphere ′(2n − 1) and consequently,
T ( f1, . . . , fm)  ′(2n − 1)/G θ Zm,
where the homomorphism θ : Zm → Aut(G) is determined by (mutually commuta-
tive) automorphisms fi ∗ : G → G induced by fi : (2n − 1)/G → (2n − 1)/G
with π1((2n − 1)/G) ∼= G for i = 1, . . . ,m.
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Given a group G and an automorphism θ : G → G, the homomorphism ϕ : Z →
Aut(G) such that ϕ(1) = θ leads to the semi-direct product G θ Z. Write
θ∗ : H2n(G,Z) → H2n(G,Z) for the induced automorphism. In particular, if G is a
finite periodic group then θ∗ might be identified with an invertible element of the ring
Z/|G| of integers mod |G|. Notice that a group homomorphism θ : Zm → Aut(G),
yields mutually commutative automorphisms θ1, . . . , θm : G → G of the group G.
Proposition 8 Let G be a finite periodic group of period d(G). The group G θ Zm
acts on (2n − 1) if and only if:
(1) d(G) | 2n;
(2) θ∗i ≡ ±1 (mod |G|) for i = 1, . . . ,m. Further, given an action (G θ Zm) ×
(2n − 1) → (2n − 1), the induced homomorphism ϕ : G θ Zm →
Aut(H2n−1((2n − 1),Z)) ∼= Z2 is given by ϕ(g) = idZ for g ∈ G and
ϕ(θi ) = θ∗i for i = 1, . . . ,m.
Proof First, suppose that the group G θ Zm acts on (2n − 1).
(1) The G-action on (2n − 1) leads to d(G) | 2n.
(2) Let Zm = 〈t1, . . . , tm
〉
and write t¯i : (2n − 1) → (2n − 1) for the induced
strictly commutative G-homeomorphisms with i = 1, . . . ,m. Then, [8, Theorem
1.1] yields that ±1 = deg t¯i ≡ θ∗ (mod |G|) for i = 1, . . . ,m.
Conversely, because d(G) | 2n, we deduce from Theorem 4 that there is an action
G ×(2n− 1) → (2n− 1) for some (2n− 1)-homotopy sphere (2n− 1). By [8,
Theorem 1.1], there are mutually commutative (up to homotopy) maps fi : (2n −
1)/G → (2n− 1)/G (with a fixed point x0 ∈ (2n− 1)) such that π1( fi ) = θi for
the induced automorphisms π1( fi ) : π1((2n − 1)/G) → π1((2n − 1)/G) with
i = 1, . . . ,m. If f˜i : (2n − 1) → (2n − 1) is a lifting of fi : (2n − 1)/G →
(2n − 1)/G then deg f˜i ≡ θ∗i (mod |G|) and θ∗i ≡ ±1 (mod |G|). Then, the result
of [20] implies that fi : (2n − 1)/G → (2n − 1)/G is a homotopy equivalence
for i = 1, . . . ,m.
Next, by Corollary 1, the inclusion map ı : (2n − 1)/G → T ( f1, . . . , fm)
determines a homotopy equivalence of the universal coverings i˜ : (2n − 1) →
˜T ( f1, . . . , fm) and the universal covering space ˜T ( f1, . . . , fm) is a (2n−1)-homotopy
sphere with dim ˜T ( f1, . . . , fm) = dim(2n−1)+m. Certainly, there is an action of
π1(T ( f1, . . . , fm)) ∼= Gθ Zm on the space ˜T ( f1, . . . , fm) and the proof is complete.
unionsq
Given an action G × (2n − 1) → (2n − 1) of a group G on a homotopy
sphere (2n − 1) and mutually commutative (up to homotopy) homeomorphisms
hi : (2n−1)/G → (2n−1)/G for i = 1, . . . ,m, write γ˜ : (G θ Zm)×(2n−
1) → (2n−1) for the induced actions determined by Corollary 1. Then, in virtue of
Theorem 1, homotopy types of orbit spaces(2n−1)/(Gθ Zm) −→ T (h1, . . . , hm)
might be estimated as follows:
Corollary 4 The assignment (
[
(2n − 1)/γ ], ([h1], . . . , [hm])) →
[
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where (SPmEG2n−1)c denotes the subset of the m-th Cartesian power (PSmEG2n−1)
determined by n-tuples of homotopy classes of mutually commutative homotopy self-
equivalences of (2n − 1)/γ .
To present a criterion on actions of groups G1 ∗G0 G2 on (2n − 1), we constitute
from Proposition 6:
Corollary 5 The group G1 ∗G0 G2 acts on a (2n − 1)-homotopy sphere if and only if
there are actions G1×1(2n−1) → 1(2n−1) and G2×2(2n−1) → 2(2n−1)
such that the orbit spaces1(2n−1)/G0 and2(2n−1)/G0 have the same homotopy
type.
Let now, G0,G1 and G2 be finite groups with monomorphisms G1
i1 G0
i2 G2
and consider an action (G1 ∗G0 G2) × (2n − 1) → (2n − 1). Then, those groups
are periodic and (see e.g., [3, Chapter VI, Exercise 4]) it holds H2n−1(Gi ,Z) = 0 for
i = 0, 1, 2. Writing κi : Gi  G1 ∗G0 G2 for the inclusion maps with i = 1, 2, the
Mayer–Vietoris sequence [18, Chapter VI] leads to the short exact sequence
0 → H2n(G1 ∗G0 G2,Z) κ∗−→ H2n(G1,Z) ⊕ H2n(G2,Z) ı
∗−→ H2n(G0,Z) → 0,
where κ∗ = (κ∗1 , κ∗2 ) and ı∗ = (ı∗1 ,−ı∗2 ). Consequently, there is an isomorphism
H2n(G1 ∗G0 G2,Z) ∼= H2n(G1,Z) ×H2n(G0,Z) H2n(G2,Z).
But periods of the groups G0,G1 and G2 are divisors of 2n, so we conclude isomor-
phisms H2n(Gi ,Z) ∼= Z/|Gi | for i = 0, 1, 2. Notice that the short exact sequence
above yields that the maps
ı∗i : H2n(Gi ,Z) → H2n(G0,Z)
(via isomorphisms H2n(Gi ,Z) ∼= Z/|Gi |) are the quotient maps Z/|Gi | → Z/|G0|
determined by the divisibility |G0| | |Gi | which induce epimorphisms
ı∗i : Aut(Z/|Gi |) → Aut(Z/|G0|)
for i = 1, 2.Then, thePostnikov invariant k2n((2n−1)/(G1∗G0G2)) ∈ H2n(G1∗G0
G2,Z) (and so the homotopy type of (2n − 1)/(G1 ∗G0 G2)) is determined by
those k2n((2n − 1)/G0) ∈ H2n(G0,Z), k2n((2n − 1)/G1) ∈ H2n(G1,Z) and
k2n((2n − 1)/G2) ∈ H2n(G2,Z) with
ı∗1k2n((2n − 1)/G1) = k2n((2n − 1)/G0) = ı∗2k2n((2n − 1)/G2).
Finally, in view of Theorem 2 and Proposition 7, we are in a position to evaluate
the cardinality of the set KG1∗G0G22n−1 by means of the cardinality of a quotient of
Aut(Z/|G1|) ×Aut(Z/|G0|) Aut(Z/|G2|).
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Corollary 6 Let G0,G1 and G2 be finite periodic groups with G1  G0  G2.
Then, there is a surjection
Aut(Z/|G1|) ×Aut(Z/|G0|) Aut(Z/|G2|) −→ K
G1∗G0G2
2n−1
which factors through the quotient of Aut(Z/|G1|) ×Aut(Z/|G0|) Aut(Z/|G2|) by its
subset {(±ϕ∗1 ,±ϕ∗2 ); (ϕ1, ϕ2) ∈ Aut(G1) × Aut(G2) with ı∗1 (ϕ∗1 ) = ı∗2 (ϕ∗2 )}.
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